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A semigroup approximation theorem is used to prove the convergence of 
approximate likelihood ratios. 
The problem of distinguishing between the stochastic process X(t) with 
probability measure P and the process X(t) + am(t) with measure Pa gotten 
by translating X by the sure signal m is usually reduced to the corresponding 
problem for sequences. Thus the Pa’s (P = PO) become associated with 
sequences (X, + amI , X2 + am2 ,...) either through sampling where Xi = X(tJ 
or by an L, type analysis where 
xi = 1” X(t) &(t) dt. 
a 
The P, thus generated measures PJn) on R” by 
... 
s s 
f(Xl ,...) x,) dPyx, ),..) x,) 
= 
s 
f(X, ,..., X,) dP,. 
(1) 
(2) 
We will also write Pi”’ for the measure Pa restricted to the field S, generated 
by 4 ,..., X, . This will cause no trouble due to the obvious equivalence 
of the two situations. It is usually easy to compute dP2n1/dP(flj and one then 
hopes that the martingale dPi”‘/dP(n) will converge to dP,/dP. 
This is analogous to the situation in partial differential equations where 
the solution to the equation ut = Au is approximated by solutions to the 
approximating difference equations. An exposition of this can be found in [l]. 
It is the purpose of this paper to apply a theorem used in [l] to the present 
problem. 
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We will write X and iii for the sequences (X, ,..., X,) and (rrzl ,..., m,). 
Let F,, be the set of S, measurable functions with the form f(x) where f is 
bounded and has bounded derivatives. On F,, we define operations T, and D by 
T,f (X> = f (W + 6) (3) 
Df (W) = & f (X + am) L-0. (4) 
We assume that the joint distribution of X under P is given by a density 
Pm which is positive almost everywhere, differentiable, and vanishes when 
any of its variables goes to foe. Then the S, measurable function 
%I@> = -i mi +) 4& m 
id R 
satisfies 
j- t&T) f (X) dP(*) = j” Df (1) dPfn) (6) 
for f in F, as is easily seen on integrating the left-hand side by parts. (p,,) forms 
a martingale which we further assume to be uniformly integrable. Thus its 
limit function v satisfies 
j v(X)f(X) dp = j- Df F> dp (7) 
forf inF = UL,F,. 
Under these assumptions it is easily seen, as in [2], that the operators V,(E) 
on F,, given by 
V&Y) f(X) = pn(;(;;m) f (X - cm) 
* 
have unique extensions to isometries on L,(P(“)) and form a group there. The 
generator of the group contains F, in its domain and is given there by 
4f = pnf - of. (9) 
THEOREM. Let A be the operator on F given by 
Af = vnf - of. (10) 
If there is a X with R,(h) > 0 and (h - A)F dense in L,(P), then all the P, are 
mutually absolutely continuous and 
(11) 
almost eveqwhere and in L, norm. 
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Proof. First suppose 01 > 0. Let E,f be the conditional expectation off 
on S, . By Theorem 6.7 of [l] if we can find K = k(n) -+ CO and pn -+ 0 such 
that 
““;; - I Ekf ---f Af 
on a dense set F’ for which (A - A)F ’ is also dense, we can conclude that the 
closure of A generates a strongly continuous semigroup V(a) and that Vk(ol) Ekf 
converges to V(13)f in L,(P). 
Let (fi , ja ,...) be a dense subset of F. For each n choose a set G, = 
(g1 ,**a, g,) from F to satisfy 
/I(h - 4s -fi II d IIn. (13) 
Take K so large that 
H,, = Gl u Gz u ... u G, u (fi ,..., f,,) CF, 
and pn so small that 
(14) 
for f in H, . On F’ = U H, we have, for large enough K, 
vk;e(Pn) - I 3,--&f--f~~ G 11 vk’p;; -I f - Akf 11 + // &f - &-II. (15) 
The second term on the right goes to zero and the first term is 
j /  $ (” vk(a> &f dci - Akf )( < + . 
Let 
V(a)1 = lim $$- = Qa. 
(16) 
(17) 
Then, for f in F 
V(a) Taf = lim v,(a) Tef 
= lim g-f 
= Qmf (18) 
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and 
1 Qaf dP = lim 1 V,(a) Taf dP 
= Taf dP I 
= fdP, 
s (19) 
so Qa = dP,/dP. It is easy to see that E,,Q, = dPF)/dP(n) so that Qa = 
lim dPin)/dPfn). Th e same proof applies to 01 f  0, using -A and --A so 
for all a. Finally, for any a and fi, 
dPu - 
dP, 
T dP,-, 
Bdp’ 
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